A new theoretical method is presented for future multi-scale aerodynamic optimization of very large wind farms. The new method combines a recent two-scale coupled momentum analysis of ideal wind turbine arrays with the classical blade-elementmomentum (BEM) theory for turbine rotor design, making it possible to explore some potentially important relationships between the design of rotors and their performance in a very large wind farm. The details of the original two-scale momentum model are described first, followed by the new coupling procedure with the classical BEM theory and some example solutions. The example solutions, obtained using a simplified but still realistic NREL S809 aerofoil performance curve, illustrate how the aerodynamically optimal rotor design may change depending on the farm density. It is also shown that the peak power of the rotors designed optimally for a given farm (i.e. 'tuned' rotors) could be noticeably higher than that of the rotors designed for a different farm (i.e. 'untuned' rotors) even if the blade pitch angle is allowed to be adjusted optimally during the operation. The results presented are for ideal very large wind farms and a possible future extension of the present work for real large wind farms is also discussed briefly.
Introduction
The design of a large wind farm is a highly complex multi-disciplinary problem involving, among others, aerodynamic, structural, electrical, logistic and environmental considerations. As the goal of this multidisciplinary design is not just a high total power output but also a low total cost and low environmental impact, there is no single optimal solution to the design of a large wind farm. Another important aspect of (especially aerodynamic) design of a large wind farm is its multi-scale nature, as highlighted in a recent statement of long-term research challenges issued by the European Academy of Wind Energy [1] . The overall performance of a large wind farm depends on the characteristics of airflow across a wide range of length-and time-scales, making it very difficult to develop a comprehensive prediction model accounting for all relevant flow physics and their inter-scale interactions simultaneously, regardless of whether the modelling is experimental, computational or even theoretical.
Although the modelling of a large wind farm is truly challenging and needs further improvements in the coming years, there have already been many studies attempting the optimization of large wind farms in recent years. For the optimization of large wind farms there are a number of possible design parameters or variables, which may be broadly classified into the following: (i) parameters for the physical design of each wind turbine; (ii) parameters for the arrangement of wind turbines; and (iii) parameters for the operation of wind turbines/farm. Hence, in general, we may consider three different levels of wind farm optimizations 1 in terms of the types of parameters to be optimized: Level 1. Optimizing operating conditions only; Level 2. Optimizing turbine arrangement as well as operating conditions; and Level 3. Optimizing everything, including the design of each turbine.
Level 1 optimization is essentially for people who have already built a wind farm, where it is usually no longer possible to change the physical design or arrangement of wind turbines but still possible to optimize operating conditions, such as the rotating speed and yaw angle of each turbine. For example, Fleming et al. [2] have investigated potential benefits of redirecting turbine wakes by means of yaw-angle control, tilt-angle control and individual blade-pitch control; this type of optimization may be classified as Level 1 optimization. By contrast, Level 2 optimization is essentially for people who have already finalized the design of turbines but have not built a farm yet. There are many recent studies on how the power of an entire farm could potentially be increased by changing the layout of turbine array (e.g. [3] [4] [5] [6] [7] ); these types of farm optimizations may be classified as Level 2 optimization.
While a number of studies have already been reported on Level 1 and Level 2 optimization, there are only limited investigations of Level 3 optimization in the literature. For example, Chamorro et al. [8] have studied how the use of variable-sized wind turbines in a single farm could improve the overall performance of the farm. Similarly, Xie et al. [9] have investigated potential benefits of collocating vertical-axis turbines with horizontal-axis turbines in a large wind farm. These studies are distinct from Level 2 optimization in the sense that they consider the use of turbines with more than one specific design to improve the performance of a farm. However, these studies do not consider re-designing the details of each turbine, such as the shape of rotor blades, to make the turbine design particularly suitable for use in a large wind farm. To the authors' knowledge, no systematic study has been reported on how the performance of a large wind farm could be improved by modifying or 'tuning' the design of each turbine in the farm.
In this study, we investigate potential benefits of tuning the aerodynamic design of horizontalaxis turbine rotors for use in a very large wind farm. This is motivated by recent theoretical studies [10, 11] showing the possibility that the optimal local axial induction factor for turbines operating in a large wind farm could be significantly lower than that for an isolated turbine. This suggests that the power of a large farm could be improved by changing the physical design of turbines as well as their operating conditions. The theoretical model used in these recent studies is based on a rather simplified momentum conservation argument and should, therefore, be regarded as a rough approximation of a real farm (as explained further in the following sections). Nevertheless, considering the complex multi-scale nature of this Level 3 optimization problem, it is worthwhile to start with such a basic theoretical model and extend it step-by-step. Specifically, here we combine this theoretical farm model with the classical blade-element-momentum (BEM) model to explore some basic mechanisms of possible inter-scale interactions between the optimal design of rotor blades and the layout (or 'density' in particular) of turbines in a very large wind farm.
In this paper, we discuss the design of horizontal-axis turbines only. Another potentially interesting topic is the design of vertical-axis turbines optimized for large wind farms; however, this is outside the scope of the present paper.
Theoretical model
(a) Two-scale momentum model for a very large wind farm
The theoretical model used in this study is an extended version of the two-scale momentum model proposed by Nishino [10] ; hence the original two-scale momentum model (hereafter referred to as the Nishino model) is described first in this subsection. Similarly to traditional 'top-down' models (e.g. [12] [13] [14] ), the Nishino model considers momentum balances for a fully developed boundary layer over a very large array of wind turbines (i.e. fully developed wind farm canopy boundary layer); however, a major difference lies in the treatment of the boundary layer profile. In traditional top-down models, a fully developed farm boundary layer profile is modelled usually as a combination of logarithmic functions; whereas in the Nishino model, the boundary layer profile is not modelled explicitly and only an average wind speed across a lower part of the boundary layer is modelled. The Nishino model may, therefore, be seen as a (very) low-order, quasi-one-dimensional flow model in contrast to other top-down models which are essentially two-dimensional flow models. Figure 1 shows a schematic of the flow considered in the Nishino model. The flow is (in reality) turbulent and therefore the flow profiles depicted in this figure should be taken as temporally and horizontally averaged ones. As shown in figure 1a , the model considers a fully developed boundary layer observed before constructing a wind farm (often referred to as the 'natural' or 'undisturbed' boundary layer) as well as that observed after constructing the farm. Although the natural boundary layer profile depicted here is a typical logarithmic one, we are allowed to consider different profiles and the only requirement is that the velocity gradient is zero or negligibly small at the upper end of the profile (so, for example, the profile may have a peak somewhere in the middle). As for the wind farm canopy, the Nishino model does not consider (at least explicitly) any differences in the type or pattern of turbine arrangement (aligned, staggered, etc.) but assumes that the turbines are arranged in a horizontally periodic manner (i.e. spaced evenly in the farm); hence a constant horizontal area, S, is allocated to each turbine, and the farm density, Λ, can be defined as
where A is the rotor swept area of each turbine. (It should be noted that the original paper by Nishino [10] uses λ to describe the farm density, but the present paper uses Λ instead because λ will be used to describe the tip-speed ratio of the rotor.) A typical value of Λ is in the range of 0.003-0.03. A major assumption employed in this quasi-one-dimensional model is that the flow over the wind farm is driven by a constant streamwise pressure gradient (as indicated by p 0 in figure 1a) . This may or may not be a good approximation of the real atmospheric flow over a large wind farm depending on the condition of the atmosphere and the size and geographical location of the farm, but suffices for the present study; see appendix B for further discussion on this. (Although outside the scope of this study, another possible approach to model the flow over a large wind farm is to consider that the flow is driven by a constant geostrophic wind, and the relationship between the pressure-gradient forcing approach and the geostrophic-wind forcing approach has been discussed extensively by Calaf et al. [14] , for example.) By considering the momentum balance for a control volume extending from the bottom (z = 0, which corresponds to the ground or sea surface) to the top of this pressure-driven flow (where the velocity gradient is negligibly small) we obtain
where τ w0 and τ w are the (horizontally averaged) shear stresses at the bottom of the control volume before and after farm construction, respectively, and T is the rotor thrust of each turbine in the farm. The left-hand side of (2.2) represents the resisting force observed after farm construction (which is balanced by the driving force), whereas the right-hand side is that observed before farm construction (which is also balanced by the driving force). It should be noted that an additional term representing the resisting force due to support structures (turbine towers) could be added to the left-hand side of (2.2) as proposed by Ma & Nishino [15] ; however, in the present study, we neglect the effect of support structures for simplicity. The equation (2.2) provides a relationship between T and τ w but does not provide any details on how the turbines change the wind speed through the farm or through each rotor swept area. To relate T and τ w with a representative wind speed through the farm (and then with the wind speed through each rotor), the Nishino model introduces a nominal farm-layer height, H F , as illustrated in figure 1b. The height H F is based solely on the natural wind speed profile U 0 (z) in such a way that
where
and
are the natural average wind speeds across the nominal farm layer and across the rotor swept area, respectively. As described by Nishino [10] , this nominal farm layer may be interpreted as a layer within which the flow is strongly affected by the turbines. However, this qualitative interpretation is for convenience only and the model does account for the possibility that the wind speed may change not only inside but also outside this nominal farm layer (since (2.2) is satisfied as long as the velocity gradient at the upper end of the entire flow is still negligibly small definition of the farm layer, we can also define the average wind speed across the farm layer, U F , as well as that across the rotor swept area, U T , as
where U represents the temporally averaged (but not horizontally averaged) streamwise velocity field observed after farm construction. Using the three different wind speeds considered above, namely U F0 ( = U T0 ), U F and U T , now we can define three different thrust coefficients for the turbine rotor:
where ρ is the density of air. Following the original paper by Nishino [10] , we refer to C * T as the 'local' thrust coefficient in the present paper. Note that C T may also be seen as another type of local thrust coefficient, but we refer to this as the 'resistance' coefficient (in analogy with that of a porous disc, which is often denoted by k (e.g. [16] ) or K (e.g. [17] ) instead of C T ). In the meanwhile, we can also define three different friction coefficients for the bottom boundary (ground or sea surface):
Here C f 0 is the natural friction coefficient observed before farm construction, whereas C * f is referred to as the 'local' or 'effective' friction coefficient observed after farm construction. If we assume that the flow through the nominal farm layer is self-similar before and after farm construction, then we would obtain C * f = C f 0 and hence τ w = (U F /U F0 ) 2 τ w0 . However, this assumption may or may not be appropriate depending on how the turbines change the flow through the farm layer; therefore, the Nishino model introduces a more general representation of τ w as
is the ratio that indicates how much the farm-layer wind speed has decreased from the natural state, and the exponent γ is the only model parameter that needs to be determined empirically in this quasi-one-dimensional flow model. Although the selection of an appropriate γ value is not straightforward, the solution of this theoretical model (such as the power of each turbine) is usually less sensitive to the value of γ than to other key parameters, as shown by Nishino [10], who has also suggested that γ = 2 may be adopted to represent an ideal farm situation. By substituting (2.6b) and (2.8) into (2.2) for T and τ w , respectively, we obtain
where the combined parameter Λ/C f 0 is referred to as the 'effective' farm density. Finally, the Nishino model uses the classical actuator disc momentum model as an approximation to estimate the local thrust coefficient C * T in (2.10). Specifically, C * T is modelled as
is the ratio that indicates how much the farm-layer wind speed decreases locally at the turbine rotor, and hence 1 − α may be referred to as a 'local' or 'effective' axial induction factor. Note that, since the actuator disc concept has been used to model C * T , it is implicitly assumed that the value of α is higher than approximately 0.6 (see [18] ). By substituting (2.11) into (2.10), we obtain the following two-scale coupled momentum balance equation:
which can be solved to obtain β as a function of α for a given set of Λ, C f 0 and γ . Therefore, now we can calculate two different power coefficients of each turbine (actuator disc) in the farm:
where TU T is the power of each actuator disc. In analogy with C * T defined in (2.6b), C * P is referred to as the 'local' power coefficient. We also obtain from (2.6b), (2.6c) and (2.11) that
and hence, we can also calculate C P as a function of C T for a given set of Λ, C f 0 and γ . Of particular interest here is that the optimal C T value (C Topt ) as well as the maximum C P value achieved (C Pmax ) decreases exponentially as the effective farm density Λ/C f 0 increases, as can be seen in figure 2 . For example, C T = 2 is optimal and yields C Pmax = 16/27 (i.e. the Betz limit) at Λ/C f 0 = 0, but this high C T value is not optimal and yields only about a half of C Pmax at Λ/C f 0 = 10, at which C Topt is about 0.2 instead of 2. Note that Λ/C f 0 = 10 seems a realistic value for offshore wind farms, for which the value of C f 0 is typically of the order of 0.001. It should also be noted that these theoretical results are for ideal very large wind farms. For real large (but not infinitely large) wind farms, the value of C P may become higher than these theoretical values; see appendix B for further details. The validity of the Nishino model has been carefully investigated through comparisons with three-dimensional numerical simulations of a fully developed flow over an infinitely large (periodic) array of porous discs [11, 19, 20] . In summary, the key points of discussion in these validation studies are: (i) the use of the actuator disc model to estimate C * T as in (2.11); (ii) the definition of the nominal farm-layer height based on (2.3); and (iii) how to determine the empirical parameter γ in (2.8). For the use of (2.11), Zapata et al. [11] have conducted a series of 3D Reynoldsaveraged Navier-Stokes (RANS) simulations of a standard boundary-layer flow over aligned and staggered arrays of porous discs and found that the model agrees very well with the simulations of staggered discs (for a wide range of Λ from 0.004 to 0.022). However, the model does not 
Optimal resistance coefficient (C Topt ) and maximum power coefficient (C Pmax ) obtained from the original two-scale momentum model for very large wind farms [10] . (Online version in colour.)
account for any differences in the pattern of disc arrangements and therefore tends to overpredict the power of aligned discs, suggesting that the use of (2.11) is appropriate only when there is no significant 'direct' wake effect, i.e. effect due to direct interference of the wake of the turbine immediately upstream. As for the use of (2.3), Dunstan et al. [20] have conducted largeeddy simulations (LES) of more realistic boundary-layer flows with different atmospheric stability conditions and found that the theoretical model tends to over-and under-predict, respectively, the values of α and β or vice versa, depending on the shape of the natural flow profile U 0 (z). However, the agreement of C P was still found to be satisfactory for all different flow profiles tested because the over-/under-predictions of α and β tend to cancel each other out for C P , suggesting that the use of (2.3) is acceptable as long as the prediction of C P is the main interest. With regard to the value of γ in (2.8), Ghaisas et al. [19] have reported that this may be modelled as a function of ΛC T ; however, they were not able to assess the exact values of γ since the resolution of their LES was found to be insufficient to do so. Their results also showed that γ was around 2 for all cases (less than 2 for most cases). For simplicity, we adopt a fixed value of γ = 2 in the present study. Before moving on to the extension of the Nishino model, we should also note the relevance of this work to some recent assessments of global wind energy resources, such as Adams & Keith [21] and Miller et al. [22] , highlighting the importance of average wind speed reductions in large wind farms. As discussed by Nishino [10] , this theoretical model (with γ = 2) predicts that the value of C P Λ/C f 0 (which is equivalent to the ratio of the power generated by the farm to the power dissipated naturally due to friction over the farm site before farm construction) increases asymptotically to the maximum value of about 0.385 as Λ/C f 0 is increased to a large value. This maximum power rate can also be obtained from a simpler (single-scale) momentum analysis, which was used by Miller et al. [22] to predict the upper limit of large-scale wind power generation. We may, therefore, consider that the Nishino model describes, essentially, how the upper limit of wind power generation changes gradually from the one for isolated wind turbines (i.e. the Betz limit, C P ≈ 0.593) to the other for very large and dense wind farms (C P Λ/C f 0 ≈ 0.385) as we increase the effective farm density. see also [18] ). Figure 3 shows a conceptual diagram of the two-scale momentum, classical BEM and coupled BEM-farm-momentum (BEM-FM) models. In the coupled BEM-FM model, we use the BEM model (instead of the one-dimensional actuator disc momentum model) to calculate the local thrust coefficient C * T in the farm-scale momentum balance equation (2.10) as well as the local power coefficient C * P (note that these two local coefficients, C * T and C * P , may be calculated without specifying the farm-scale parameters, namely Λ, C f 0 and γ , as will be shown below). The farm-scale momentum balance equation (2.10) is then solved to obtain β as a function of C * T (and therefore as a function of the rotor design and operating conditions specified in the BEM model) for a given set of Λ, C f 0 and γ . Eventually, the actual power coefficient C P (defined using the natural wind speed) is calculated from C * P and β. Further details of the coupled model are described below.
First, we consider that the rotor swept area of each turbine is divided into N annular elements (or annuli). Since the rotor thrust T can be obtained from the summation of thrust on all N elements, the local thrust coefficient C * T can be expressed as 16) where T i is the thrust on the i-th annular element and R is the rotor radius (so the rotor swept area A = π R 2 ). Following the blade-element theory, T i can be linked to the lift and drag forces on each blade element as where L i and D i are the lift and drag forces on the i-th blade element, and
where Ω is the angular velocity of the rotor, r i is the radius of the i-th annular element, and a i and a i are the axial and tangential induction factors, respectively. It should be noted that U F has been used here as an approximation of the wind speed upstream of the rotor; this is in analogy with the original two-scale momentum model [10] and, as described earlier, this approximation seems to be valid only when there is no significant 'direct' wake effect between neighbouring turbines. With this approximation, the tip speed ratio of the rotor is also defined as 22) which is an operating parameter of the rotor. It should also be noted that the values of C L(i) and C D(i) depend mainly on the aerofoil shape used for the cross section of the blade and its local angle of attack (AoA), the latter of which is calculated as
where θ p + θ i is the local angle between the aerofoil chord and the rotor plane; θ p is the angle due to the pitch of the entire blade, whereas θ i is the angle due to the twist of the blade. Note that θ p is an operating parameter of the rotor (constant for all N blade elements), whereas θ i is a design parameter of the rotor (function of the radial coordinate).
Similarly to C * T in (2.16), the local power coefficient C * P can also be expressed using a summation of contributions from N annular elements:
is the torque on the i-th element. Again, V i and φ i depend on a i and a i as in (2.20) and (2.21); hence a i and a i need to be determined to obtain C * T and C * P for a given set of rotor design parameters (such as Z, c i and θ i ) and operating parameters (λ and θ p ).
To determine a i and a i , the classical actuator disc momentum theory can be adopted (again using U F as an approximation of the wind speed upstream of the rotor), giving the following relationships for each annular element (see [18] ): (2.26) and
where F i is the value of Prandtl's tip loss factor [23] for the i-th element: momentum balance, but this unknown variable can be eliminated using (2.21) and (2.22) after dividing both sides of (2.17), (2.25), (2.26) and (2.27) by U 2 F ; therefore, we may consider that the above BEM calculation is independent of the farm-scale problem (provided that C L(i) and C D(i) are insensitive to changes in the Reynolds number due to changes in U F ). It should also be noted that we do not employ Glauert's empirical correction to the calculation of T i (e.g. [18] ) in the present study for simplicity.
Once a i and a i have been determined, we can calculate C * T and C * P as
for a given rotor design and operating conditions. Then the value of C * T can be substituted into (2.10) to obtain β for a given set of Λ, C f 0 and γ . Finally, the thrust and power coefficients of each rotor in the farm (defined using the natural wind speed U F0 instead of U F ) can be calculated as
for a given set of rotor design, operating and farm-scale parameters.
Example solutions
Some example solutions of the coupled BEM-FM model are presented below to illustrate how the model may be used to explore potential benefits of tuning horizontal-axis rotor design for very large wind farms. First, we consider a special case with the effective farm density Λ/C f 0 being zero (which means that each turbine in the farm is completely isolated) and find an aerodynamically optimal rotor design under a certain set of restrictions. Secondly, we investigate how this optimal rotor design may change with Λ/C f 0 , i.e. how the rotor design may be 'tuned' for different farm densities. Finally, we compare the performance of tuned and untuned rotors at different farm densities to explore the benefits of tuning. In particular, it is demonstrated that the power of untuned rotors cannot be as high as that of tuned rotors even if their operating conditions (λ and θ p ) are optimally adjusted. For this demonstration, we employ a simplified (but still realistic) performance curve of the NREL S809 aerofoil to determine force coefficients of each blade element as a function of AoA, as shown in figure 4 . This curve has been created by blending two sets of solutions of the twodimensional aerofoil analysis code XFOIL [24] for a range of AoA between 0 and 30 degrees (one is with forced transition near the leading edge, from 0 to 11 degrees, and the other is with free transition, from 11 to 30 degrees; both are for a chord Reynolds number of 10 7 ), extending the data using AirfoilPrep [25] for a wider range of AoA, and finally smoothing the data for the entire AoA range. The optimal AoA is 8. element (defined based on V i and c i ). However, we do not consider the influence of these factors in the present study for simplicity.
(a) Optimal rotor design for isolated turbines (Λ/C f 0 = 0)
First, we consider optimizing the design of rotors for the case with Λ/C f 0 = 0. In this special case, we obtain β = 1 from (2.10), meaning that the coupled BEM-FM model returns to the classical BEM model (as the turbines are located so far apart that they do not affect the average wind speed through the nominal farm layer). Unless specified otherwise, the number of blades for each rotor is fixed at three (Z = 3) during the process of optimization. It is also assumed that the length of each blade is 90% of the rotor radius; hence the blade root and tip are positioned at r/R = 0.1 and 1, respectively. Even with these restrictions, there are still multiple ways to obtain the aerodynamically optimal rotor design, i.e. the set of radial variations of the blade chord length c and twist angle θ that is required to maximize the power coefficient C P in (2.32). Here, we consider finding an optimal rotor design for a given tip speed ratio λ first, using the following BEM procedure:
Step 1. Assigning an arbitrary value to a i (within the range of 0-0.4) and an initial value to a i (e.g. a i = 0) for each element;
Step 2. Calculating φ i from (2.21) for each element;
Step 3. Calculating θ i from (2.23) for each element, considering that AoA i stays at the optimal value (8.78°as shown in figure 4 ) and θ p is zero for the optimal rotor sought here;
Step 4. Calculating F i from (2.28) for each element;
Step 5. Calculating the value of T i /ρU 2 F from (2.26) for each element; Step 6. Calculating c i from (2.17) for each element;
Step 7. Calculating the value of Q i /ρU 2 F from (2.25) for each element; Step 8. Calculating a i from (2.27) for each element;
Step 9. Repeating Step 2 to Step 8 until the solutions converge for each element;
Step 10. Calculating C * P (which is identical to C P in this case since β = 1) from (2.30); Step 11. Repeating Step 1 to Step 10 to find the optimal a i that maximizes C P .
Once the set of solutions yielding the highest C P (for a given tip speed ratio λ) has been obtained, the above procedure is repeated for a range of λ (between 1 and 10 in this study) to finally find the rotor design optimized for the optimal tip speed ratio for Λ/C f 0 = 0. Note that the axial induction factor a i (not a i F i ) assigned in this rotor optimization procedure can be assumed to be uniform in the radial direction. Strictly speaking, the optimal rotor design/performance may improve a little further by allowing non-uniform a i during the process of optimization and, for the case with Λ/C f 0 = 0, this could be easily implemented by searching for the optimal a i that maximizes the value of Q i /ρU 2 F for each element separately instead (as this is equivalent to maximizing C P when β = 1). However, the improvements due to non-uniform a i tend to be negligibly small; for example, the increase in the highest C P is less than 0.5% at all tip speed ratios investigated and less than 0.1% at the optimal tip speed ratio. Therefore, we assume uniform a i when optimizing the design of rotors in this study (to simplify the optimization process, especially for the case with Λ/C f 0 > 0 to be presented later). Figure 5 shows the performance of optimally designed rotors for Λ/C f 0 = 0; each circle represents the performance of a (sub-)optimal rotor (optimized for a given λ, with Z = 3 and C D /C L = 0.01067), whereas the two dashed lines show how the optimal rotor (optimized for the optimal λ, which is 8.42 in this case as indicated by the cross mark) performs at different λ with pitch control (i.e. with the pitch angle θ p being adjusted to maximize C P ) and without pitch control (i.e. with θ p being fixed at zero), respectively. Also presented here for comparison is the performance of (sub-)optimal rotors with different aerofoil performance (C D /C L = 0 and 0.02, respectively, at their optimal AoA) and with an infinite number of blades (Z = ∞, corresponding to an ideal actuator disc with rotation) as well as the Betz limit. It can be confirmed that the optimal λ increases with the optimal aerofoil performance; λ ≈ 6 at C D /C L = 0.02 increases to λ = 8.42 at C D /C L = 0.01067 and this goes up to infinity as C D /C L approaches to zero. The rotor performance itself also increases with the aerofoil performance, and this increases further with the number of blades (as the tip loss factor F in (2.28) approaches to unity as Z approaches to infinity). The performance of the optimal rotor operating at a non-optimal λ is always lower than that of the rotor optimized specifically for that λ. Adjusting optimally the pitch angle θ p may help improving the performance of the optimal rotor at a non-optimal λ, but this improvement is smaller than what is achieved by optimizing the rotor design for that λ. (b) Tuned rotor design for turbines in a very large wind farm Next, we consider optimizing or 'tuning' the rotor design for different effective farm density cases (hereafter we shall use the word 'tuned' to refer specifically to the rotor design optimized for a given effective farm density). To demonstrate how the tuned rotor design tends to change with the effective farm density, here we consider six different effective farm densities: Λ/C f 0 = 0.2, 1, 2, 5, 10 and 20. The procedure required to calculate the tuned rotor design is similar to that for Λ/C f 0 = 0 presented earlier. The difference is that, for Λ/C f 0 > 0, the farm-scale momentum balance equation (2.10) needs to be additionally solved to obtain β and thereby C P ; therefore, Step 10 and Step 11 described earlier need to be replaced by the following steps:
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Step 10. Calculating C * T from (2.29); Step 11. Calculating β from (2.10);
Step 12. Calculating C P from (2.32);
Step 13. Repeating Step 1 to Step 12 to find the optimal a i that maximizes C P .
As noted earlier, the axial induction factor a i is assumed to be uniform in the radial direction during the rotor design process (but not when calculating the performance of an already designed rotor, for which a i is allowed to be non-uniform). Again, the above procedure is to calculate an optimal rotor design for a given λ and is therefore repeated for a range of λ to find the optimal (tuned) rotor design with the optimal λ. Figure 6 shows the performance of optimally designed rotors for all six Λ/C f 0 values investigated. Again, each circle represents a (sub-)optimal rotor (with Z = 3 and C D /C L = 0.01067). Also shown for comparison are the theoretical C Pmax values obtained from the original two-scale momentum model of Nishino [10] . It can be seen that the optimal λ (indicated by the cross mark in each sub-figure) tends to decrease as Λ/C f 0 increases; this is essentially because the optimal rotor resistance decreases as Λ/C f 0 increases (as presented earlier in figure 2) . Similarly to the previous case with Λ/C f 0 = 0, at each Λ/C f 0 , the optimal rotor operating at a nonoptimal λ always yields a lower C P compared to the corresponding (sub-)optimal rotor designed for that λ, regardless of whether or not the optimal pitch control is applied. and the case of isolated turbines (Λ/C f 0 = 0). One of the major effects of the effective farm density Λ/C f 0 is that the optimal chord length tends to decrease across the entire blade span as Λ/C f 0 increases (except for 0 < Λ/C f 0 < 1, where the optimal chord length does not change substantially, cf. figure 7a ). This trend, that the optimal rotor solidity tends to decrease as the farm density increases, may be predicted from the original two-scale momentum model showing that the optimal rotor resistance decreases as the farm density increases. However, as can be seen from figure 7b, the 'normalized' profiles of the optimal chord length for different Λ/C f 0 cases (normalized by the optimal root chord length c root for each case) do not collapse into a single profile, indicating that the coupled BEM-FM approach may indeed be helpful (more helpful than the original two-scale momentum model) to tune the design of rotors for very large wind farms. Another major effect of Λ/C f 0 is that on the variation of the optimal blade twist angle. It can be seen from figure 7c,d that the tuned rotor blades become more and more twisted as Λ/C f 0 increases. untuned rotors for each Λ/C f 0 case, and the performance curve of the tuned rotor is the same as that presented earlier in figure 6 (although here C P has been normalized by the theoretical C Pmax for each Λ/C f 0 ). It can be seen clearly that the performance difference between the tuned rotor and an untuned rotor can be significant when the pitch control is not applied. For example, in a 'dense' farm with Λ/C f 0 = 20, the peak C P of the tuned rotor (Rotor-20) is about 95% of the theoretical C Pmax , whereas that of the rotor optimized for isolated turbines (Rotor-0) is only about 60% of the theoretical C Pmax . It can also be seen that the tuned rotor tends to maintain a high C P value for a wider range of the tip speed ratio compared to untuned rotors. The above performance difference between the tuned and untuned rotors, however, becomes much smaller if the blade pitch angle θ p is allowed to be adjusted optimally. Figure 9 compares the power curves of the five rotors operating with optimal pitch control, again in a farm with Λ/C f 0 = 2, 5, 10 and 20. It can be seen that, for each Λ/C f 0 case, the tuned rotor still yields the highest C P value, but untuned rotors may also perform fairly well due to the pitch control. For example, at Λ/C f 0 = 20, the peak C P of Rotor-0 increases up to 89% of the theoretical C Pmax because of the pitch control, while that of the tuned rotor (Rotor-20) stays at 95% of the theoretical C Pmax since the tuned rotor has been designed to yield the highest possible C P with θ p = 0, i.e. this highest C P cannot be increased further by changing θ p .
The trend of the peak performance of the five rotors can be seen more clearly in figure 10 , which compares the peak C P of the five rotors (normalized by that of the tuned rotor at each Λ/C f 0 ) with and without pitch control. Note that, although not shown for brevity, here we have additionally calculated the tuned rotor design for Λ/C f 0 = 15 as well for the normalization of C P values at 
Concluding remarks
In this paper, we have presented a novel theoretical analysis method called 'BEM-FM' to explore some potentially important relationships between the design of (horizontal-axis) wind turbine rotors and their performance in a very large wind farm. The BEM-FM model presented in this paper is the first model of its kind and could be extended further in future studies; hence the example solutions presented are primarily for the purpose of demonstrating how this new method works. Nonetheless, these theoretical results suggest that the benefits of tuning rotor design for a given farm density could be substantial and are worthy of further consideration. In particular, it has been shown that the peak power coefficient of rotors 'tuned' for a given farm density could be significantly higher than that of 'untuned' rotors if the blade pitch angle is not allowed to be adjusted during operation, and could still be noticeably higher even if the blade pitch angle is allowed to be adjusted optimally. These results essentially support the concept of 'Level 3' optimization of large wind farms described earlier in this paper, i.e. the overall efficiency of large wind farms could be improved by optimizing (or tuning) the design of turbines as well as their arrangements and operating conditions. To focus on the fundamentals of the two-scale coupled nature of this problem, the optimization of turbine rotor design presented in this paper has been simplified significantly, considering only the aerodynamic performance (or power coefficient) of ideal three-bladed rotors as the objective to be maximized. In the real world of turbine rotor design, it is essential to consider some other important factors, such as the structural performance (or durability) of turbine blades and the necessity of power capping strategies (to protect the whole turbine system including the generator and gearbox when the wind speed exceeds the rated wind speed), thereby reducing the levelized cost of electricity (LCOE). To address such industrial challenges, the optimization process presented in this paper would need to be modified in future studies (for example, the dimensional farm-layer wind speed U F would need to be considered explicitly in the optimization process in addition to the non-dimensional wind speed reduction factors α and β). Nevertheless, it is worth noting that the classical BEM theory still plays a central role in the design of real wind turbine rotors of today. We, therefore, expect that the coupled BEM-FM method proposed here may become the basis of many applications in the future.
Finally, it should be remembered that the theoretical model presented in this paper is for ideal very large wind farms. To predict the performance of a real wind farm, some corrections would need to be applied to the current model to account for the influence of atmospheric and geographical conditions as well as the actual size of the farm. In particular, unless the farm size is as large as the scale of the relevant atmospheric system that drives the flow over the farm, the left-hand side of the farm-scale momentum balance equation (2.2) may in reality be larger than the right-hand side of (2.2), meaning that the current model may under-predict the power of a real farm. Therefore, an additional 'larger-scale' (larger than the farm scale) model describing the driving force of the flow over the farm in a more general manner would need to be coupled with the current theoretical model to generalize the present work. This practically important point needs to be investigated further in future studies. A preliminary analysis and discussion on this point are presented in appendix B.
Data accessibility. The work presented in this paper is theoretical. Results can be reproduced from the information provided in the paper. where p 0 and p denote the streamwise pressure drop observed before and after farm construction, respectively (note that here the pressure is considered to vary only linearly within the farm site since the flow through the farm site has been assumed to be fully developed, not only before but also after farm construction). Eventually, (2.10) will need to be replaced by
and (2.13) by
The only difference of the above 'generalized' two-scale momentum equation (B 3) from the original equation (2.13) is in the right-hand side, which now takes a non-zero value unless p = p 0 . In other words, the original equation (2.13) is for a special case where p = p 0 The value of the right-hand side of (B 3) is expected to depend largely on β as well as on the ratio of the farm size to the size of the relevant atmospheric system driving the flow. However, this may also depend on other atmospheric and geographical conditions that are site-specific and is therefore difficult to be estimated purely theoretically. To obtain a quantitative estimate of the right-hand side of (B 3) for a given large wind farm, it would be necessary to conduct some numerical simulations of atmospheric flow over the given farm site. For further analysis and discussion on this issue, readers are referred to a recent paper by Nishino [26] .
